Abstract In [H1], for a p-adic local field K with perfect residue field, Herr constructed the complex which computes the Galois cohomology of K by using the theory of the (Φ, Γ K )-module. We shall generalize his work to the imperfect residue field case.
Introduction
In this article, K is a complete discrete valuation field of characteristic 0 with residue field k of characteristic p > 0 such that [k, k p ] = p n < ∞. We choose an algebraic closureK of K and we put By p-torsion G K -representation, we mean a discrete abelian group whose elements are killed by some powers of p endowed with a continuous action of G K . Let V be a p-torsion G K -representation.
In the case n = 0 (i.e. k is the perfect field), Herr obtained a presentation of the Galois cohomology H * (G K , V ) in terms of the (Φ, Γ K )-module D K (V ) associated to V in the sense of Fontaine [F] . Now, let n be arbitrary. The purpose of this paper is to give a presentation of H * (G K , V ) in terms of the (Φ, Γ K )-module (defined in this paper) associated to V . Our Γ K is noncommutative if n ≥ 1.
We give a precise meaning of (Φ, Γ K )-module in our general situation and state our main result. 
denotes a primitive p m -th of unity inK and
We put
and it is non-commutative if n ≥ 1.
Since K ′ has the perfect residue field, we can apply the theory of Fontaine to
and also with an action of Γ K (not only Γ K ′ ) which commutes with φ and which is continuous with respect to the discrete topology of D K ′ (V ).
We shall obtain an equivalence of categories
which is a generalization of the equivalence of Fontaine to the imperfect residue field case (for details, see the theorem 2 in the subsection 2.2). Now, we assume that K contains a primitive p-th root of unity if p = 2 and a primitive 4-th root of unity if p = 2.
We will give a presentation of
If M is a p-torsion representation of Γ K , we associate the complex C ΓK (M ) as follows
where X(i) denotes the set of all subsets of {0, · · · , n} of order i. Notice that the order of X(i) is
If M is a p-torsion representation of Γ K which endowed with a homomorphism φ : M → M commuting with Γ K , we associate the complex C φ,ΓK (M ) as follows
Therefore, the complex C φ,ΓK (M ) has the following form
Our main result is following.
Theorem 1 (main theorem) With notation as above, for all i, the group
As an immediate corollary, the cohomological dimension of K is n + 2.
In this case, the complex
Here,
This is what Herr has constructed.
2. n = 1 (the residue field k is imperfect and [k :
In addition to the example 1, we have an action of ω 1 = β 1 − 1.
Therefore, we have the more complicated complex than before.
The appearance of τ 1 , instead of τ , reflects the non-commutativity of Γ K .
Our proof of the main theorem is a little differnt from the method of Herr. He considered an "effasable"property of the complex C φ,ΓK (M ), but our method is to construct a projective resolution of the
It seems that, in the case n ≥ 1, our method is simpler than his. This paper is organized as follows.
In the section 2, we shall review the theory of the (Φ, Γ K )-module which is constructed by Fontaine [F] , but in that paper, "the residue field is perfect" is supposed. To get rid of this assumption, we shall construct the imperfect residue field version of the (Φ, Γ K )-module. By using this module, we can construct the complex C ΓK (M ) and C φ,ΓK (M ) which are to be used in the main theorem.
In the section 3, we shall construct a projective resolution of Z p . In the last section, we shall connect the complex C ΓK (D K ′ (V )) with the projective resolution of Z p .
Finally, we shall show that the cohomological group of C φ,ΓK (D K ′ (V )) should coincide with the Galois cohomology H * (G K , V ). Notations In this article,
means the absolute Galois group of L.)
• v p denotes the normalized p-adic valuation.
2 The theory of the (Φ, Γ K )-module 2.1 (Φ, Γ K )-module in the perfect residue field case
Let K be a complete discrete valuation field of characteristic 0 with the imperfect residue field k of characteristic p > 0 such that [k, k p ] = p n < ∞. In this subsection, we assume n = 0 (i.e. k is the perfect field.). We put F k =the fraction filed of W (k) where W means the ring of Witt vectors. Now, we review the (Φ, Γ K )-module theory of Fontaine.
LetK be an algebraic closure of K and C p be its p-adic completion. We put
If x = (x (i) ) and y = (y (i) ) are two elements ofẼ, we define their sum and product by
then, it is shown thatẼ is an algebraic closure of F p ((ǫ − 1)) and is characteristic p > 0 which is complete for the valuation defined by
Example 2.1 With this valuation, we have
This ring is a complete discrete valuation ring with the residue field E F k = k((ǫ − 1)).
Let B be the p-adic completion of the maximal unramified extension of
Then, the residue field E of B is the separable closure of F p ((ǫ−1)) inẼ. We define A = B ∩Ã which is equipped with an action of Galois group G K and of a Frobenius σ deduced from those ofẼ. We put A K = A HK where H K denotes the kernel of the cyclotomic character χ :
HK ) and G EK be the Galois group of E/E K . It is shown that the action of G K on E induces an isomorphism H K ≃ G EK ( [FW] , [W] ).
Following definitions are due to Fontaine [F] . For all V ∈ Rep p−tor (G K ), we can associate the (Φ, Γ K )-module
In fact, it is equipped with an action of Γ K ≃ G K /G EK and we consider the action of φ induced by that of Frobenius σ over A. It is shown that
Conversely, for all etale (Φ, Γ K )-module of torsion M over A K , we can associate the corresponding p-torsion representation of G K as follows
By the two constructions above, Fontaine showed the following equivalence of categories 
(Φ, Γ K )-module in the imperfect residue field case
In this subsection, we shall define the imperfect residue field version of the (Φ, Γ K )-module. Here, we do not assume that the residue field k is perfect.
As in the introduction, we choose K ( ′ ) and K ′ . Since K ′ has the perfect residue field, we can apply the theory of (Φ, Γ K ′ )-module in the perfect residue case. We consider a p-torsion G K -representation V and
and φ act on D K ′ (V ) commuting with each other. Conversely, for all etale (Φ, Γ K )-module of torsion M over A K ′ , we can associate the corresponding p-torsion representation of G K as follows
Remark 2.2 Notice that
We can deduce the imperfect residue field version of Fontaine theorem above.
Theorem 2 The functor D K ′ gives an equivalence of two categories
3 Construction of a projective resolusion of Z p
Relations in
Now, we assume that K contains a primitive p-th root of unity if p = 2 and a primitive 4-th root of unity if p = 2. We fix topological generators γ, β 1 , β 2 , · · · , β n of Γ K as in the introduction. We have following relations
For the construction of the complex, we introduce new operators;
where we put
By using formulars above, we have the following relations. Relations (R)
S . This is proved as follows.
Costruction of C Λ
Now, we consider the following sequence C Λ ;
1. The i-th term (from the right hand side) of C Λ is Λ X(i) where X(i) denotes the set of all subsets of {0, 1, · · · , n} of order i.
2. For S ∈ X(i) and T ∈ X(i + 1), the (S,
Here, a(S, j) = ♯{y ∈ S; y ≤ j}.
The following three cases are to be considered.
1. Case 1: j = 0 and k = 0
We have
2. Case 2: j = 0 and k = 0
3. Case 3: j = 0 and k = 0
Taking account of it, this lemma follows from the relations (R) above.
Proof
We show that the complex C Λ in the previous subsection gives a projective resolution of Z p .
gives a projective resolution of the Λ-module Z p .
Since C Λ is the simple complex associated to the double complex d This C ΓK (M ) clearly coincides with the one given in the Introduction.
On the other hand, by the previous section, we have
We have also
(See [NSW, p231, (5.2.7)].) Hence, we obtain C ΓK (M ) ≃ RΓ(Γ K , M ).
Calculation of the complex
It is time to calculate the Galois cohomology RΓ(G K , V ) for a p-torsion representation of V of G K . At first, we have
On the other hand, we have
We obtain
